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Abstract
The concatenated Greenberger-Horne-Zeiglinger (C-GHZ) state which is a new type of logic-
qubit entanglement has attracted a lot of attentions recently. We present a feasible entanglement
concentration protocol (ECP) for logic-qubit entanglement. This ECP is based on the linear optics,
and it does not know the initial coefficients of the less-entangled C-GHZ state. This protocol can
be extended to arbitrary C-GHZ state. This protocol may be useful in future quantum information
processing tasks.
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I. INTRODUCTION
Quantum entanglement plays a very important role in the field of current quantum infor-
mation processing[1, 2], such as quantum key distribution[3, 4], quantum teleportation[5],
quantum secure direct communication[6, 7] and some other important quantum communi-
cation protocols[8–10], which are all require the maximal entanglement to set up a secure
quantum channel. However, entanglement is generally fragile and the noise in environment
always exists. Owing to the interaction with the environment, channel noise cannot be
avoided during transmission and storage, which will make the maximally entangled states
degrade to mixed states or pure less-entangled states. In practical application, such mixed
states or less-entangled states may decrease and one cannot ultimately set up the high quality
quantum entanglement channel successfully [11]. Therefore, we need to recover the mixed
state or the pure less-entangled state into the maximally entangled state before starting
quantum communication.
The method of converting the mixed entangled state into the maximally entangled states
is called entanglement purification protocol (EPP), which has been widely discussed in
recent years[12–20]. Entanglement concentration protocol (ECP), which will be discussed
in detail here, is a powerful approach to extract the maximally entangled state from the
pure partially entangled state with local operation and classical communication (LOCC)[21–
65]. For example, Bennett et al. put forward the first ECP which is called the Schmidt
projection protocol in 1996 [21]. Bose et al. proposed the ECP based on entanglement
swapping[22]. In 2001, Zhao et al. and Yamamoto et al. independently put forward two
similar ECPs with linear optics [23, 24]. In 2008, Sheng et al. proposed ECP with higher
success efficiency which is based on cross-Kerr nonlinearity[25]. In 2012, by making use of
local operation and classical communications, Sheng et al. and Deng independently proposed
two ECPs assisted with single photons which made concentration process more simple and
useful in practical applications [27, 28]. Subsequently, their protocols were widely used to
deal with the different kinds of entanglement concentration, such as the multi-photon W
state entanglement concentration [29–31], cluster state entanglement concentration [32], χ-
type entanglement concentration [33], hyperentanglement concentration[37–40], and so on.
In the practical quantum information processing, the logic qubit, which encodes many
physical qubits in a logic qubit[66–69], has been widely discussed. In 2011, Fro¨wis et al.
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firstly put forward the concatenated Greenberger-Horne-Zeilinger (C-GHZ) state, which is
a promising logic-qubit entanglement for quantum information processing [70]. The form
of the C-GHZ state can be described as |Ψ〉N,m = 1√2(|GHZ+m〉⊗N + |GHZ−m〉⊗N), where
|GHZ±m〉 = 1√2(|0〉⊗m ± |1〉⊗m). The N is the number of logical qubits, and the m is the
number of physical qubit encoded in each logical qubit. In 2014, Lu et al. described the
first experiment for realizing such C-GHZ state with linear optics [71]. Both the theory and
experiment showed that the C-GHZ is useful in future quantum communication. Recently,
the approaches of discrimination of the C-GHZ state were proposed[72–74].
As the C-GHZ state has its potential application in quantum information processing, we
will describe an efficient ECP for the less-entangled C-GHZ state with the help of linear
optics. After performing this ECP, we can ultimately obtain the maximally C-GHZ state
with some success probability. Moreover, this protocol exploits the polarization beam split-
ters (PBSs), and have-wave plates (HWPs) to complete the task. It is feasible in current
technology. This paper is organized as follows. In Sec. II, we first describe this protocol
with a simple case with m = N = 2. In Sec. III, we explain the ECP for a more complicated
case that m = 3 and N = 2. We show that if each logic qubit is the multiphoton GHZ state,
this protocol can also work. In Sec. IV, we extend this ECP for arbitrary C-GHZ. Finally,
In Sec. V, we will present a discussion and conclusion.
II. ECP FOR C-GHZ STATE WITH M=N=2
The less-entangled C-GHZ state can be written as
|Ψ〉N,m = α|GHZ+m〉⊗N + β|GHZ−m〉⊗N , (1)
here |GHZ±m〉⊗N = 1√2(|H〉⊗m±|V 〉⊗m), and |α|2+|β|2 = 1. |H〉 is the horizontal polarization
and |V 〉 is the vertical polarization of the photon, respectively. Our aim is to concentrate
the less-entangled C-GHZ state to the maximally C-GHZ state as
|Ψ〉′N,m =
1√
2
(|GHZ+m〉⊗N + |GHZ−m〉⊗N). (2)
In this section, we will discuss our ECP in the first group with a simple case that concen-
trate the less-entangled C-GHZ state with m = N = 2. If m = 2, it shows that each logic
qubit is a Bell state. Such C-GHZ state can be written as
|Ψ〉s = α|GHZ+2 〉⊗2 + β|GHZ−2 〉⊗2
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= α[
1√
2
(|H〉|H〉+ |V 〉|V 〉) 1√
2
(|H〉|H〉+ |V 〉|V 〉)]
+β[
1√
2
(|H〉|H〉 − |V 〉|V 〉) 1√
2
(|H〉|H〉 − |V 〉|V 〉)]
=
1
2
α(|H〉|H〉+ |V 〉|V 〉)(|H〉|H〉+ |V 〉|V 〉)
+
1
2
β(|H〉|H〉 − |V 〉|V 〉)(|H〉|H〉 − |V 〉|V 〉). (3)
FIG. 1: Schematic diagram of the entanglement concentration. |Ψ〉s1 and |Ψ〉s2 are the two copies
of less-entangled C-GHZ state. S1 and S2 are the entanglement sources. The HWP represents the
Hadamard operation which makes the |H〉 → 1√
2
(|H〉+ |V 〉) and |V 〉 → 1√
2
(|H〉 − |V 〉). The PBSs
are polarized beam splitters. D1 and D2 represent the photon number detectors. |±〉 denote the
measurement of output photos in the basis |±〉 = 1√
2
(|H〉+ |V 〉).
Fig. 1 is the schematic drawing of our entanglement concentration. We first choose two
copies of less-entangled C-GHZ states |Ψ〉s1 and |Ψ〉s2 which can be written as
|Ψ〉s1 =
1
2
α(|H〉a1|H〉c1 + |V 〉a1 |V 〉c1)(|H〉b1|H〉d1 + |V 〉b1 |V 〉d1)
+
1
2
β(|H〉a1|H〉c1 − |V 〉a1 |V 〉c1)(|H〉b1|H〉d1 − |V 〉b1 |V 〉d1), (4)
|Ψ〉s2 =
1
2
β(|H〉a2|H〉c2 + |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 + |V 〉b2 |V 〉d2)
+
1
2
α(|H〉a2|H〉c2 − |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 − |V 〉b2|V 〉d2). (5)
It is shown that the photons a1, c1, a2 and c2 are sent to Alice and the photons b1, d1, b2
and d2 are sent to Bob, respectively. Before concentration, we should convert the state |Ψ〉s2
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into |Ψ〉′s2 with the help of Hadamard operation and single qubit rotation. The former of
|Ψ〉′s2 can be written as
|Ψ〉′s2 =
1
2
β(|H〉a2|H〉c2 + |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 + |V 〉b2 |V 〉d2)
+
1
2
α(|H〉a2|H〉c2 − |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 − |V 〉b2|V 〉d2). (6)
Firstly, the parties Alice and Bob let the photons |Ψ〉s1 and |Ψ〉′s2 pass through the half-
wave plates (HWP), which will make |H〉 → 1√
2
(|H〉 + |V 〉), and |V 〉 → 1√
2
(|H〉 − |V 〉).
After the HWP operations, the state |Ψ〉s1 ⊗ |Ψ〉′s2 evolves to
|Ψ〉s3 =
1
4
α2(|H〉a1|H〉c1 + |V 〉a1 |V 〉c1)(|H〉b1|H〉d1 + |V 〉b1 |V 〉d1)
(|H〉a2 |V 〉c2 + |V 〉a2 |H〉c2)(|H〉b2|V 〉d2 + |V 〉b2|H〉d2)
+
1
4
β2(|H〉a1|V 〉c1 + |V 〉a1 |H〉c1)(|H〉b1|V 〉d1 + |V 〉b1 |H〉d1)
(|H〉a2 |H〉c2 + |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 + |V 〉b2 |V 〉d2)
+
1
4
αβ[(|H〉a1|H〉c1 + |V 〉a1 |V 〉c1)(|H〉b1|H〉d1 + |V 〉b1|V 〉d1)
(|H〉a2 |H〉c2 + |V 〉a2 |V 〉c2)(|H〉b2|H〉d2 + |V 〉b2 |V 〉d2)
+ (|H〉a1 |V 〉c1 + |V 〉a1 |H〉c1)(|H〉b1|V 〉d1 + |V 〉b1|H〉d1)
(|H〉a2 |V 〉c2 + |V 〉a2 |H〉c2)(|H〉b2|V 〉d2 + |V 〉b2|H〉d2)]. (7)
Subsequently, as shown in Fig. 1, the parties Alice and Bob let the photons a1 and a2, c1
and c2, b1 and b2 and d1 and d2 pass through the four PBSs which are optical devices to
transmit horizontally polarized light and reflecting light of vertical polarization. If all the
output modes of the PBSs only contain one photon, the state in Eq. (7) can be written as
→ 1
2
√
2
(|H〉a1|H〉c1|H〉a2|H〉c2 + |V 〉a1 |V 〉c1|V 〉a2 |V 〉c2)
(|H〉b1|H〉d1|H〉b2|H〉d2 + |V 〉b1 |V 〉d1 |V 〉b2 |V 〉d2)
+ (|H〉a1|V 〉c1|H〉a2|V 〉c2 + |V 〉a1 |H〉c1|V 〉a2 |H〉c2)
(|H〉b1|V 〉d1 |H〉b2|V 〉d2 + |V 〉b1 |H〉d1|V 〉b2 |H〉d2).
(8)
And then, the photons detected by the four photon detectors D1D2D3D4 in the base |±〉.
Only if each photon detector detects a single photon, it means that the ECP is successful.
If the polarization measurement is |++〉a2c2 or | − −〉a2c2, and |++〉b2d2 or | − −〉b2d2 , they
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will obtain the state
|Ψ〉s4 =
1√
2
[
1√
2
(|H〉a1|H〉c1 + |V 〉a1 |V 〉c1)
1√
2
(|H〉b1|H〉d1 + |V 〉b1 |V 〉d1)
+
1√
2
(|H〉a1|V 〉c1 + |V 〉a1 |H〉c1)
1√
2
(|H〉b1|V 〉d1 + |V 〉b1 |H〉d1)]. (9)
If the polarization measurement results are |+−〉a2c2 or |+−〉b2d2 , and |−+〉a2c2 or |−+〉b2d2 ,
they will obtain the state
|Ψ〉′s4 =
1√
2
[
1√
2
(|H〉a1|H〉c1 − |V 〉a1 |V 〉c1)
1√
2
(|H〉b1|H〉d1 − |V 〉b1|V 〉d1)
+
1√
2
(|H〉a1|V 〉c1 − |V 〉a1 |H〉c1)
1√
2
(|H〉b1|V 〉d1 − |V 〉b1 |H〉d1)]. (10)
By performing the phase-file operation they can also finally obtain the state in Eq. (9).
In order to get the maximally entangled C-GHZ state, they have to perform Hadamard
operations on each photons to convert Eq. (9) to the maximally C-GHZ state as
|Ψ〉s5 =
1√
2
[
1√
2
(|H〉a1|H〉c1 + |V 〉a1 |V 〉c1)
1√
2
(|H〉b1|H〉d1 + |V 〉b2 |V 〉d1)
+
1√
2
(|H〉a1|H〉c1 − |V 〉a1 |V 〉c1)
1√
2
(|H〉b1|H〉d1 − |V 〉b1|V 〉d1)]. (11)
We get the maximally C-GHZ state with the total success probability of 1
2
|αβ|2.
III. THE ECP FOR C-GHZ STATE WITH m = 3, N = 2
In this section, we discuss the ECP for the C-GHZ state with m = 3 and N = 2. The
C-GHZ state with m = 3 and N = 2 can be written as
|Γ〉s1 = α[
1√
2
(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
1√
2
(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |V 〉h1)]
+ β[
1√
2
(|H〉a1|H〉c1|H〉t1 − |V 〉a1 |V 〉c1|V 〉t1)
1√
2
(|H〉b1|H〉d1|H〉h1 − |V 〉b1 |V 〉d1 |V 〉h1)]
=
1
2
α(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|V 〉t1)(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |V 〉h1)
+
1
2
β(|H〉a1|H〉c1|H〉t1 − |V 〉a1 |V 〉c1|V 〉t1)(|H〉b1|H〉d1|H〉h1 − |V 〉b1|V 〉d1 |V 〉h1). (12)
The copy of |Γ〉s1 is In order to perform the concentration, they also select two copies of the
less-entangled state |Γ〉s1 and |T 〉′s1 as shown in Eq. (12). Similar to the ECP we discussed
in the previous section, we firstly convert the initial state |T 〉′s1 into
|T 〉s2 =
1
2
β(|H〉a2|H〉c2|H〉t2 + |V 〉a2 |V 〉c2|V 〉t2)(|H〉b2|H〉d2|H〉h2 + |V 〉b1 |V 〉d2 |V 〉h2)
+
1
2
α(|H〉a2|H〉c2|H〉t2 − |V 〉a2 |V 〉c2|V 〉t2)(|H〉b2|H〉d2|H〉h2 − |V 〉b2 |V 〉d1 |V 〉h2).(13)
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FIG. 2: Schematic diagram of the entanglement concentration about the C-GHZ state with m = 3,
N = 2.
As shown ing Fig. 2, the photons in spatial modes a1c1t1 and a2c2t2 are distributed to
Alice and the photons in spatial modes b1d1h1 and b2d2h2 are send to Bob. Then, all the
photons should pass through the HWPs to perform the Hadamard operation. After the
HWP operations, the states evolve to
|Γ〉s1 →
1
4
α(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|H〉t1 + |H〉a1 |V 〉c1|V 〉t1 + |V 〉a1 |H〉c1|V 〉t1)
(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |H〉h1 + |H〉b1|V 〉d1 |V 〉h1 + |V 〉b1 |H〉d1|V 〉h1)
+
1
4
β(|H〉a1|V 〉c1|H〉t1 + |V 〉a1 |H〉c1|H〉t1 + |H〉a1|H〉c1|V 〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
(|H〉b1|V 〉d1|H〉h1 + |V 〉b1 |H〉d1|H〉h1 + |H〉b1|H〉d1|V 〉h1 + |V 〉b1 |V 〉d1 |V 〉h1), (14)
|T 〉s2 →
1
4
β(|H〉a2|H〉c2|H〉t2 + |V 〉a2 |V 〉c2|H〉t2 + |H〉a2|V 〉c2|V 〉t2 + |V 〉a2 |H〉c2|V 〉t2)
(|H〉b2|H〉d2|H〉h2 + |V 〉b2 |V 〉d2 |H〉h2 + |H〉b2|V 〉d2 |V 〉h2 + |V 〉b2 |H〉d2|V 〉h2)
+
1
4
α(|H〉a2|V 〉c2|H〉t2 + |V 〉a2 |H〉c2|H〉t2 + |H〉a2 |H〉c2|V 〉t2 + |V 〉a2 |V 〉c2|V 〉t2)
(|H〉b2|V 〉d2|H〉h2 + |V 〉b2 |H〉d2|H〉h2 + |H〉b2|H〉d2|V 〉h2 + |V 〉b2 |V 〉d2 |V 〉h2). (15)
The state of all the system can be written as
|T 〉s3 =
1
16
α2[(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|H〉t1 + |H〉a1|V 〉c1|V 〉t1 + |V 〉a1 |H〉c1|V 〉t1)
(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |H〉h1 + |H〉b1|V 〉d1 |V 〉h1 + |V 〉b1|H〉d1|V 〉h1)
(|H〉a2 |V 〉c2|H〉t2 + |V 〉a2 |H〉c2|H〉t2 + |H〉a2|H〉c2|V 〉t2 + |V 〉a2 |V 〉c2|V 〉t2)
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(|H〉b2|V 〉d2 |H〉h2 + |V 〉b2 |H〉d2|H〉h2 + |H〉b2|H〉d2|V 〉h2 + |V 〉b2|V 〉d2|V 〉h2)]
+
1
16
β2(|H〉a1|V 〉c1|H〉t1 + |V 〉a1 |H〉c1|H〉t1 + |H〉a1 |H〉c1|V 〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
(|H〉b1|V 〉d1 |H〉h1 + |V 〉b1 |H〉d1|H〉h1 + |H〉b1|H〉d1|V 〉h1 + |V 〉b1|V 〉d1|V 〉h1)
(|H〉a2 |H〉c2|H〉t2 + |V 〉a2 |V 〉c2 |H〉t2 + |H〉a2|V 〉c2|V 〉t2 + |V 〉a2 |H〉c2|V 〉t2)
(|H〉b2|H〉d2|H〉h2 + |V 〉b2 |V 〉d2 |H〉h2 + |H〉b2|V 〉d2 |V 〉h2 + |V 〉b2|H〉d2|V 〉h2)
+
1
16
αβ[(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|H〉t1 + |H〉a1|V 〉c1|V 〉t1 + |V 〉a1 |H〉c1|V 〉t1)
(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |H〉h1 + |H〉b1|V 〉d1 |V 〉h1 + |V 〉b1|H〉d1|V 〉h1)
(|H〉a2 |H〉c2|H〉t2 + |V 〉a2 |V 〉c2 |H〉t2 + |H〉a2|V 〉c2|V 〉t2 + |V 〉a2 |H〉c2|V 〉t2)
(|H〉b2|H〉d2|H〉h2 + |V 〉b2 |V 〉d2 |H〉h2 + |H〉b2|V 〉d2 |V 〉h2 + |V 〉b2|H〉d2|V 〉h2)
+ (|H〉a1 |V 〉c1|H〉t1 + |V 〉a1 |H〉c1|H〉t1 + |H〉a1|H〉c1|V 〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
(|H〉b1|V 〉d1 |H〉h1 + |V 〉b1 |H〉d1|H〉h1 + |H〉b1|H〉d1|V 〉h1 + |V 〉b1|V 〉d1|V 〉h1)
(|H〉a2 |V 〉c2|H〉t2 + |V 〉a2 |H〉c2|H〉t2 + |H〉a2|H〉c2|V 〉t2 + |V 〉a2 |V 〉c2|V 〉t2)
(|H〉b2|V 〉d2 |H〉h2 + |V 〉b2 |H〉d2|H〉h2 + |H〉b2|H〉d2|V 〉h2 + |V 〉b2|V 〉d2|V 〉h2).] (16)
Subsequently, as shown in Fig. 2, the parties Alice and Bob let the photons a1 and a2, c1
and c2, t1 and t2, b1 and b2, d1 and d2, h1 and h2 pass through the six PBSs. They choose
the case that all the output modes of the PBSs exactly contain one photon. The state in
Eq. (16) becomes
→ 1
4
√
2
(|H〉a1|H〉c1|H〉t1|H〉a2|H〉c2|H〉t2 + |V 〉a1 |V 〉c1|H〉t1|V 〉a2 |V 〉c2|H〉t2
+|H〉a1|V 〉c1|V 〉t1 |H〉a2|V 〉c2|V 〉t2 + |V 〉a1 |H〉c1|V 〉t1 |V 〉a2 |H〉c2|V 〉t2)
(|H〉b1|H〉d1|H〉h1|H〉b2|H〉d2|H〉h2 + |V 〉b1|V 〉d1 |H〉h1|V 〉b2 |V 〉d2 |H〉h2
+|H〉b1|V 〉d1 |V 〉h1|H〉b2|V 〉d2 |V 〉h2 + |V 〉b1|H〉d1|V 〉h1|V 〉b2 |H〉d2|V 〉h2)
+(|H〉a1|V 〉c1|H〉t1|H〉a2|V 〉c2|H〉t2 + |V 〉a1 |H〉c1|H〉t1|V 〉a1|H〉c1|H〉t1
+|H〉a1|H〉c1|V 〉t1 |H〉a2|H〉c2|V 〉t2 + |V 〉a1 |V 〉c1|V 〉t1 |V 〉a2|V 〉c2|V 〉t2)
(|H〉b1|V 〉d1 |H〉h1|H〉b2|V 〉d2 |H〉h2 + |V 〉b1|H〉d1|H〉h1|V 〉b2 |H〉d2|H〉h2
+|H〉b1|H〉d1|V 〉h1|H〉b2|H〉d2|V 〉h2 + |V 〉b1 |V 〉d1 |V 〉h1 |V 〉b2|V 〉d2|V 〉h2). (17)
Finally, the photons in the spatial modes a2b2c2d2t2h2 are detected by the six photon de-
tectors D1D2D3D4D5D6 in the base |±〉. If the measurement results of both Alice and Bob
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are the same, i.e., |+〉|+〉|+〉 or |−〉|−〉|−〉, they can obtain
|T 〉s4 =
1√
2
[
1
2
(|H〉a1|H〉c1|H〉t1 + |H〉a1|V 〉c1|V 〉t1 + |V 〉a1 |H〉c1|V 〉t1 + |V 〉a1 |V 〉c1|H〉t1)
1
2
(|H〉b1|H〉d1|H〉h1 + |H〉b1|V 〉d1|V 〉h1 + |V 〉b1 |H〉d1|V 〉h1 + |V 〉b1|V 〉d1|H〉h1)
+
1
2
(|H〉a1|H〉c1|V 〉t1 + |H〉a1|V 〉c1|H〉t1 + |V 〉a1 |H〉c1|H〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
1
2
(|H〉b1|H〉d1|V 〉h1 + |H〉b1|V 〉d1|H〉h1 + |V 〉b1 |H〉d1|H〉h1 + |V 〉b2|V 〉d1 |V 〉h1)].(18)
On the other hand, there are other measurement results such as |+〉|+〉|−〉, |+〉|−〉|−〉, and
so on. The remained state can also be transformed into the former of Eq. (18) with the
help of phase-file operation and bit-flip operation. Finally, they can perform the Hadamard
operations in each photon to convert Eq. (18) to the maximally entangled C-GHZ state as
|T 〉s5 =
1√
2
[
1√
2
(|H〉a1|H〉c1|H〉t1 + |V 〉a1 |V 〉c1|V 〉t1)
1√
2
(|H〉b1|H〉d1|H〉h1 + |V 〉b1 |V 〉d1 |V 〉h1)
+
1√
2
(|H〉a1|H〉c1|H〉t1 − |V 〉a1 |V 〉c1|V 〉t1)
1√
1
(|H〉b1|H〉d1|H〉h1 − |V 〉b1 |V 〉d1 |V 〉h1)].(19)
In this way, they can obtain the maximally C-GHZ state with the total success probability
of 1
8
|αβ|2.
IV. THE ECP FOR ARBITRARY C-GHZ STATE
Finally, let us briefly describe our ECP for the arbitrary C-GHZ state. The less-entangled
C-GHZ state are shared by N parties (Alice, Bob, Charlie, ect). Each one owns one logic
qubit. As shown in Fig. 3, two pairs of less-entangled C-GHZ states are sent to the N
parties, which can be written as
|Ψ1〉N,m = α|GHZ+m〉⊗N + β|GHZ−m〉⊗N , (20)
|Ψ2〉′N,m = α|GHZ+m〉⊗N + β|GHZ−m〉⊗N . (21)
Before concentration, by using the Hadamard operation and single qubit rotation, which
is the same as the previous description, the state |Ψ2〉′N,m can be transformed into
|Ψ2〉N,m = β|GHZ+m〉⊗N + α|GHZ−m〉⊗N . (22)
Firstly, all the parties pass through the HWPs. The states will evolve to
|Ψ1〉N,m → α[( 1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
9
FIG. 3: (a) The schematic diagram of ECP for arbitrary C-GHZ state. Red dash and green solid
denote two pairs less-entangled C-GHZ state, respectively, which contains N logic qubits. Two
logical qubit in one place make the measurement. (b) The schematic diagram of two logical qubit
making the PM measurement. (c) The schematic diagram of PM measurement.
+β[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N , (23)
|Ψ2〉N,m → β[( 1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
+α[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N . (24)
The whole state can be written as
|Ψs〉N,m = α2[( 1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
+ β2[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
[(
1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
+ αβ{[( 1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
[(
1√
2
(|H〉+ |V 〉))⊗m + ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
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+[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N
[(
1√
2
(|H〉+ |V 〉))⊗m − ( 1√
2
(|H〉 − |V 〉))⊗m]⊗N}. (25)
In Fig. 3, figure (a) means that the two pairs of C-GHZ states are shared by each parity, and
each parity will perform the measurement on his or her two logic qubits. Figure (b) means
that each party owns two logic qubits, which are encoded in physical polarized GHZ states,
respectively. The PM measurement performed on the GHZ states in each party is analogy
with Fig. 2. Each party should perform PM measurements for m times. Figure (c) is the
schematic of the PM measurement. if all the output modes of PBS in each PM measurement
contain only one photon, the ECP for the arbitrary C-GHZ is successful. Finally, they
measure all the photons in the lower output modes of each PBS, if the measurement result
is |±〉⊗mN , they will obtain the maximally entangled state
|Ψso〉N,m = 1√
2
(|GHZ+m〉⊗N + |GHZ−m〉⊗N). (26)
The total success probability is
PmN =
|αβ|2
2(m−1)N−1
. (27)
V. DISCUSSION AND CONCLUSION
So far, we have completely described our ECP. We first described the ECP with a simple
case that m = N = 2. Subsequently, we explain this protocol for concentrating the C-GHZ
state with m = 3, N = 2, and arbitrary m, N , respectively. In Fig. 4, we calculated the
success probability PmN altered with m and N , respectively. We show that the larger of
m and N , the smaller of PmN . In the previous works of entanglement concentration, they
exploited the controlled-not (CNOT) gate and nonlinear cross-Kerr nonlinearity to complete
the task [64, 65]. If consider the practical experiment condition, both the CNOT gate and
cross-Kerr nonlinearity are hard to realize. In this ECP, we only require the linear optics,
such as PBSs, HWPs to complete the task. Moreover, this ECP does not know the exact
information of the initial state. These advantages make this protocol feasible in current QIP
tasks.
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FIG. 4: The success probability of the ECP for the arbitrary C-GHZ state with the different values
of m and N .
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